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ABSTRACT 

This  paper  presently  exhibits  about  the  oscillation  of 
even  order  nonlinear  neutral  differential  equations  of 
E  of  the  form 

(e(t)z(n-1)(t))  +  r(t)f(h(y(tj)  +  v(t)f(S(t )) 

=  0 

Where  z(t)  =  x(t)  +  p(t)x(p(t)),n  >  2,  is  a  even 
integer.  The  output  we  considered  /°°  e-1(t)dt  =  oo, 

t0 

and  f  e-1(t)dt  <  oo.  This  canon  here  extracted 

to 

enhanced  and  developed  a  few  known  results  in 
literature.  Some  model  are  given  to  embellish  our 
main  results. 

INTRODUCTION 

We  apprehensive  with  the  oscillation  theorems  for  the 
following  half-linear  even  order  neutral  delay 
differential  equation 

(e(t)z(n-1)(t))  +  r{t)f(h{y{t))  +  v(t)f(8(tj)  = 

0  ,t>t0i  (1) 

Wherez(t)  =  x(t)  +  p(t)x(p(t)),n  >2,  is  a  even 
integer  .Every  part  of  this  paper,  we  assume  that: 

(Et)  e  e  C([t0,cc),E),e(t)  >  0 ,e'(t)  >  0; 

(E2)p,qE  C([t0,  co),E), 

0  <  p(t)  <  p0  <  co ,q(t)  >  0,  where  p0  is  a  constant; 


(E3)p  e  C\[t0,cc),E),y  e  C([t0, oo), E), 

S  e  C([t0,oo),E),  p'(t)  >  p0  >  0, 
r(t)  <t,  S(t)  <  t ,  p  o  y  =  y  o  p , 

p  o  8  =  8  o  p, 

lim^ooXt)  =  co  ,  limt^x  8(t)  =  oo  ,  where  p0  is  a 
constant. 

(E4)  f  E  C(E,  E)  and 

/(x)/x  >  M1,M2  >  0,  for  x  ^  0  ,  where  MVM2  is 
constant. 


Then  the  two  cases  are 

r±dt  = 

Jt0  e(t) 


=  oo 


J-00  1  T 

.  —dt  < 

to  e(t) 


oo. 


(2) 

(3) 


By  a  solution  z  of  (1)  a  function  be 

e  6  Cm-1([tx,  oo),  E)  for  some  tz  >  t0. 

Where  z(t)  =  x(t)  +  a(t)x(p(t)),  has  a  property 
ezn_1  6  Cl([tx,cc),E)  and  satisfies  (1)  on  (tz,co). 
Then  (1)  satisfies  sup{|x)t):  t  >  T|)  >  0  for  all 
T  >  tx  is  called  oscillatory. 


In  certain  case  when  n  =  2  the  equation  (1)  lessen  to 
the  following  equations 
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(e(t)  (x(t)  +  p(t)x(p(t))  )  +  r(t)/(A(y(t))  + 

v(0/(5(t))  =  0 ,t>  t0, 

(4) 


If 

rt  l 

v(s)ds  >  -, 
Js(t)  e 

Then  it  has  no  finally  positive  solutions. 


lim  inf 

t->  00 


f 


r(s)ds  +  lim  inf 

t— >00 


Where  fx  e  1(t)dt  =  oo, 
l0 

pit)  <  t,y(t)  <  t.Sit )  <  t, 


Main  results 

The  main  results  which  covenant  that  every  solution 
of  (1)  is  oscillatory 


0  <  p(t)  <  p0  <  oo. 

Then  the  oscillatory  behavior  of  the  solutions  of  the 
neutral  differential  equations  of  the  second  order 

0(0  (x(t)  +  p(t)x(p(t))  )  +  r(00(KO)  + 

v(t)(5(t))  =  0,t  >  t0  (5) 

Where  fxe-1(s)ds=  oo, 

to 

0  <  pit)  <p0<CO. 

The  usual  limitations  on  the  coefficient  of  (5)  be 
pit)  <  t,yit)  <  pit),  Sit)  <  pit), 

y(t)  <  t,  Sit)  <  t,  0  <  pit)  <  1,  are  not  assumed. 

p  Could  be  a  advanced  argument  and  y,  S  could  be  a 
delay  argument , 

Some  known  expand  results  are  seen  in  [1,5].  Then 
the 

Even-order  nonlinear  neutral  functional  differential 
equations 

(x(t)  +  pit)x(pit)))in)  +r(t)/(/?(y(t))  + 

vit)f(8it))  =  0,t  >  t0,  (6) 

Where  n  is  even  0  <  p(t)  <  1  and  pit)  <  t. 

(A)  Lemma.  1 

The  oscillatory  behavior  of  solutions  of  the  following 
linear  differential  inequality 

wft)  +  r(t)/?(y))  +  vit)giSit))  <  0 

Where  r, v,y ,8  G  C([t0,  °°))» 

y(t)t,5(t)  <  t 

lim  y(t)  =  oo  ,limd(t)=oo 

t — >oo  t — >00 

Now  integrating  from  y(t)  to  t  and  Sit)  to  t 


(1)  lim^  inf  f^(t]Jis)ds  >  J 

(2) lim  sup  [  Jis)ds  >  1 
t_>c0  Js(t ) 

B.Theorem.  2.1 

Assume  that  C  -^—dt  =  oo  holds.  If 

Jt0  e(t) 

n  00  pGO 

I  SiCO+l  s2it)dt  =  00 
■^t0  -tt0 

Where  Si(0=  min  {r(0>r(p(0)} 
52(t)=  min{v(t),f(p(t))},  then  every  solutions  of 
(1)  is  oscillatory. 

Proof 

Suppose,  on  the  contradictory, x  is  a  nonoscillatory 
solutions  of  (1).  Without  loss  of  generality,  we  may 
assume  that  there  exists  a  constant  ty  >  t0,  such  that 

x(t)  >  0,x(p(t))  >  0  and  (y(t))  >  0  , 

x(d(t))  >  0  for  all  t  >  t-y.  Using  the  definitions  of  z 
and  x  is  a  eventually  positive  solution  of  (1).  Then 
there  exists  t±  >  t0,  such  that 

z(t)  >  0,z  (t)  >  0,  z('n_1')(t)  >  0  and  zn(t)  <  0  for 
all  t  >  ty. 

.Hencelim^oo  z(t)  ^  0. 

Applying  (  E4)  and  (1)  we  get 

^e(t)z('n-1-)(t)^  <  — Myrit)h(yit ))  <0,  t  >  ty 

(e(t)z(n_1)(t))  <  - M2vit)g(8it ))  <  0 ,  t>  ty. 

Therefore  (e(t)z^n-1J(t))  is  a  nonincreasing 
function.  Besides,  from  the  above  inequality  and  the 
definition  of  z,  we  get 
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Case  (1) 


(e(t)z(n  ^(t))  +  M1r(t)h{y(t)') 


+ 


^-(e(p(t))z(n  1}(p(t))  + 


p  (t) 


M1P0 K(p(t))/i(y((p(t)))  <  0 

(e(t)z(n_1)(t))'  +  M1R(t)z(y(t))  + 
^(e(p(t))z(n_1)(p(t)))'  <  0  (7) 

Po 

Integrating  (7)  from  ty  to  t,  we  have 
f  (e(s)z(n_1l(s))'ds 

h  t 

+  Mi  f  R(s)z(y(s))ds 


(e(t)z(n  1}(t))  +  M2P(t)z(d(t))  + 

^(e(p(t))z(n_1)(p(t))  (10) 

Integrating  (10)  from  t1  to  t,  we  have 
f  e(s)zt^n~1\s))'ds 

■*ti 

+  Mz  f  V(s)z(S(s))ds 
Jt . 


+  —  [  (e(p(s))z^n  ^(p(s))  ds  <  0 
Po  Jtl 


Pointing  that  p  '(t)  >  Po  >  0 


+  — [  (e(p(s))z(n  1}(p(s)))'ds 
Po  Jtj. 


M2 K(s)z(5(s))ds  <  —  Jj*  eCsjz^1  1^(s))'ds  — 

S^ipfe^e(p^zCn~1)^p^^,dsd^p^ 


<  0 

Pointing  that  p'(t)  >  p0  >  0 


< 


(e(t1)z(n  1)t1i  -(e(t)z(n  ^(t))  + 
fl(e(p(ti))z(n_1)(p(ti)  - 

Po 

(e(p(t))z(n_1)(e(t))) 


(11) 


M-lJ  R(s)z(y(s))ds  <  —  J  e(s)z^n~^(s))rds 

fl  t  Cl  Since  z  (t)  >  0  for  t  >  t±.  We  can  find  a  invariable 

—  —  |  — 7-r^-(e(p(s))z<'n_1l(p(s)))  ds  d(p(s)  c>0suchthat 

Po  Jt-.  P  (s) 


< 


z(d(t))  >  c,t  >  tx. 


Then  from  (8)  and  the  fact  that  (e(t)zln  ^(t))  is 
nonincreasing,  we  obtain  S2(t)  <  oo 

(12) 


e(t1)z(-n  — (e(t)zln  xl(t))  + 

Tl(e(p(ti))z(n“1)(p(t1)  - 
Po 

(e(p(0)z(n-1)  (e(0))  (8) 

Since  z  (t)  >  0  for  t  >  tx.  We  can  find  a  invariable  §et  inconsistency  with  (9), (12). 
c>0suchthat  r  oo  /.» 

,  .  I  5i(t)  +  I  S2(t)  = 

z(y(t)J  >  c,t  >  tj.  ■'to 


oo 


/fo 


Then  from  (8)  and  the  fact  that  (e(t)z<-n  ^(t))  is  non  Theorem.  2.2 
increasing,  we  obtain 


pOO  ^  >. 


OO 


(9) 


Case  (2) 

(e(t)z(n_1)(t)) '  +  M2  v(t)g(S(t)) 
Po 


Assume  that  f  —~dt  =  oo  holds  and  p(t)  >  t.  if 

Jt0  e(t) 

either 

in/( V  ds  + 

X 


V(0  e(y(s)) 


+  pXt)  (e(p(t))z(n  1}(p(f)) 

+  M2p0 v((p(t))5(5((p(0))  ^  0 


t  <5n  1  (s)lf(s)  ,  .  (Po+Po)(n-l)! 

<S(t)  e(S(s))  aS)  *  p0e  ’  ^ 

Or  when  y ,  d  is  increasing, 
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limt 


supU‘r-^^ds  + 


X 


y(t) 

SrL~1(s')K(s) 


S(t)  e(<5(s)) 


ds )  > 


e(y(s)) 

(Po+Po)(n-l)! 


P  o 


(14) 


y(t)  <  (l  +  ^)x(t) .  (16) 

By  combining  (15)  and  (16),  we  get 


Where  (t)  =  min{M1y(t),  ML/'(p(t))}, 
then  every  solution  of  (1)  is  oscillatory  . 

Proof 


y(0  + 


Po  't 
Po+Po  (n-l)! 


/  yn~1(t)/(f:) 
(  e(y(t)) 


y(y(0)  + 


e(S(t)) 


<  0 


(17) 


Suppose,  on  the  contrary  x  is  a  oscillatory  solution  of 
(1).  Without  loss  of  generality,  we  may  assume  that 
there  exists  a  constant  tx  >  t0,  such  that  t  x(t)  >  0, 


x(p(t))  >  0  and  x(y(t))  >  0  ,  x(d(t))  >  0  for  all 
t  >  t±. 

Assume  that  x^n\t)  is  not  consonantly  zero  on  any 
interval  [t0,oo),  and  there  exists  a  t1  >  t0.  Such 
that x('n_1')(t)u<'n')(t)  <  0  for  all  t  >  tx.  If 
limt^00x(t)  =£  0,then  for  every  A,  0  <  A  <  1,  there 
exists T  >  tlf  such  that  for  all  t  >T, 

x(t)  >  -  -  tn~1u(n~1)(t)  forever 

v  J  (n-l)!  v  ’ 

0  <  A  <  1 ,  we  obtain 

(e(  t}z(n_1)(t))'+  ^(e(p(t))z(n_1)(p(t))  + 

Po 

-L-j’-UoKnz'-'Hytnn  + 

For  every  t  sufficiently  large. 

Let  x(t)  =  ^e(t)z^n_1^(t)^>  0.  Then  for  all  t  large 
enough,  we  have 


x(t)  +  ^x(p(0)j 


+ 

+ 


A  y^CO/CO 

(n-l)!  e(y(t)) 

A 

(n-l)!  e(5(t)) 


X 


6(0) 


x(d(t))  <  0 


(15) 


Next ,  let  us  denote 


Therefore  ,  y  is  a  non  negative  solutions  of  (17). 
Then  there  will  be  two  cases 


Case  (1) 
If 


lim 


t— >00 


inf(C 


yn  00/0) 
y(t)  e(y(s)) 


ds  + 


rt  <5n  1(5)JC(s)  ,  .  (Po+Po)(w-l)! 

J5(t)  e(<5(s))  p0e 

constant  be  0  <  A0  <  1,  such  that 


holds  then  a 


lim 

rf 


£ — >00 


w/(f 


7(0  (n-l)!  v  e(y(s)) 


l(s)/(s ) 


S"  1(s)/f(s)  ,  . .  ^  1 
5(t)  e(S(s))  US))  e’ 


ds  + 
(18) 


By  lemma  (1),  (18)  holds  that  (17)  has  negative 
solutions,  which  is  contradictory. 

Case  (2) 

By  the  definition  of  y  and 

( 

e(t)z(n  ^(t))'+  MxR(t)z{y(t ))  + 

T£(e(p(t))z(n_1)(p(0))'  <  0 
Po 

we  get , 

y'(t)  =  x(t)  +  ~  (x(p(t)))  <  -/(t)z(y(t))  - 

K(t)z(S(t ))  <  0  (19) 

pointing  that  y(t)  <  t,S(t)  <  t,  there  exists  t2  >  t1; 
such  that 


y(y(0)  ^  y(0»y(^(t))  >  y(t),t  >  t2 .  (20) 

Integrating  (17)  from  y(t)to  t  and  5(t)  to  t  and 
applying  y ,  8  is  increasing,  we  have 


y(t)  =  x(t)  +  —  x(p(t)).  Since  x  is  non  increasing, 
Po 

it  follows  from  p(t)  >  t  that 
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y(0  -  (y(y(0)  +  y(5(t)))  + 


P  0 


■rf 


Yn  1 00/00 


Po+Po  (n-l)!  JKt)  e(y(s)) 
/•t  Sn~1(s)K(s) 

■'y(t)  e(S(s)) 

Thus 


(y(y(s))  + 
y(d(s)))ds  <  0 ,t  >t2 


yit)  -  (y(r(0)  +  y(5(t)))  + 

Po+Po  (n-1)!  (  Kit) 

y{m))  £  sn-'MKM 


e(y(s)) 

)  ds  <  0,  t  >  t2 


V(t)  e(5(s)) 

From  the  above  the  inequality, we  get 

y(0 


(y(y(0)  +  y(5(t))) 

,  Po 


- 1 


Po  +  Po  (n 


f- 

Jy(t) 


— r : 

-DOko 


f  yn  1(s)/(s) 


?(y(s)) 


dn-1(s)/f(s) 
?(5(s)) 


)  ds  <  0 


From  (20),  we  have 


Po 


t  yn  1  (5)7(5) 
Po+Po  (n-l)!  Jy(t)  e(y(s)) 

U  >  t2  (21) 


d 


+  /, 


g^OOATQO 
y(t)  e(<5(s)) 


)  ds  < 


Taking  upper  limits  as  t  -*  00  in  (21)  we  get 


lim^oo  sup  if 


t  yn  Hs)J(s) 
y(t)  e(y(s)) 


ds  + 


rt  Sn  1(s)/c(5)  ,  s  <  (Po+Po)(n-l)! 
J<S(t)  e(5(s))  aSJ  -  Ap0 

If  (14)  holds,  we  choose  a  constant 
0  <  A0  <  1  such  that 


(22) 


limbec  supif* 


yn  00/00 

V(t)  e(y(s)) 


ds  + 


r t  <5n  VsjKQQ  ,  .  (po+p0)(n-l)! 

h(t)  e(S(5))  aS)  *  A0po  ’ 

Which  is  in  contrary  with  (22). 

Theorem  2.3 


Assume  that  = 

Jto  e(t) 

t,S(t)  <  pit)  <  t. 
limt^oo  inf  if*  -1 


=  00  holds  andy(t)  <  pit)  < 
If 


Or  when  p  1oy  ,p  1o8  is  increasing, 
lim 


.  S7/r,rft  yn~1(5)/(5) 

i->co  PUp-iy(t)  e(y(s)) 


ft  8n~Hs)K(s)  ,  ^ 
Jp_1S(t)  e(S(s)) 


ds  + 

(Po+Po)(n— 1)! 
Po 


(24) 


Where  /,  K  is  defined  as  in  theorem  (2.2),  then  every 
solution  of  (1)  is  oscillatory. 

Proof 

Suppose,  on  the  contrary  x  is  a  oscillatory  solution  of 
(1).  Without  loss  of  generality,  we  may  assume  that 
there  exists  a  constant  t1  >  t0,  such  that 

xit)  >  0,x(p(t))  >  0  and 

(y(t))  >  0x(8it))  >  0  for  all  t>t1.  Continuing  as 
in  the  proof  of  the  theorem  (2.2),  we  have 


(n-l)!  e(y(t)) 

A  S^HtpC(t) 

(n-l)!  e(8(t)) 


it)  +  ^-x(pit))  \  + 

Po  J 

*(y(0)  + 

x(d(t))  <  0.  Let 


y 


yit)  =  xit) +—x(pit))  again.  Since  x  is  non 

Po 

increasing,  it  follows  fromp(t))  <  0  that 

(25) 

By  combining  (15)  and  (24),  we  get 


yit)  <  (1  +^)x(p(t)) 


y'it)  + 


l(t)/(t) 


Po+Po  (n-l)!  \  e(y(t)) 


gn-1(t)X(t) 

e(8(t)) 


y(p  H/CO)) 

y(p~1(8it))j)  <  0  (26) 


+ 


Therefore,  y  is  a  positive  solution  of  (26).  Now,  we 
consider  the  following  two  cases  ,  on  (23)  and  (24) 
holds  . 

Case  (1) 

If 


Hm^oo  inf  if* 


y11  1(s)j(s) 
y(t)  e(y(s)) 


ds  + 


Vn  1 00/00 


P_1y(t)  e(y(s)) 


ds  + 


either  ft  S—  1(s)ih5>  (Po+Po)(n-i)! 

J5(t)  e(<5(s))  Ub)  ^  pi 

constant  be  0  <  A0  <  1,  such  that 


holds  then  a 


Sn  1(s)K(s)  A  ^  (Po+Po)(n-l)! 

ds)  > - —e - ,  (23) 


P  1<5(t)  e(5(s)) 


Po 
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.  /vft  a0  fy  1(s)/(s)  ,  . 

lim^oo  m/(  I  ,^7 — -( — r—-r—ds  + 

r  00  7  VJy(t)  (n-l)!  v  e(y(s)) 

dttdn-  IsKsedsds ) )>le 


(27) 


Therefore  (27)  holds  (26)  has  no  positive  solutions 
which  is  a  contradiction. 

Case  (2) 

From  (19)  and  the  condition 

y(t)  <  p(t),d(t)  <  p(t),  there  exists 

t2  >  tl5  such  that  y  (p_1(y(t)))  >  y(t)  , 
y  (p_1(d(t)))  >  y(t)  t  >  t2.  (28) 

Integrating  (26)  from  p-1(y(t))tot,p-1(5(t))  and 
applying  p_1oy  is  nondecreasing,  then  we  get 


y(t)  -  y(p  1(y(0))  + 


Po 


•  rf 

I 


yn  1  (5)7(5) 


y(p  1(y(0)) 


Po+Po  (n-l)!  JP  1y(t)  e(y(s)) 

p—lS(t)tSn—lsK(s)e(Ss)yp—lStds<  0 ,  t>t2. 


Thus 


y(0  -  y  (p  1(y(0))  + 


Po 


^y(p_1(y(t))) 


yn  1(s)/(s) 


Po+Po  (n-l)!'7  v' ■'P  iy(0  e(y(s)) 

yp—ldtp—ld(t)td?z—lsK (s)e(ds)ds<0,  t>t2. 


From  the  inequality ,  we  obtain 

y(0 


y(p-1(y(t))) 


-  1 


Po 


—  f 

-  1)!  L 


f 

Jn~  1 


r  (s)/(s) 

Po  +  Po  (n  -  1) !  Jp-iy (t)  e  (y (s)) 

dn-1(s)/f(s) 


p-^CO 


e(5(s)) 


■  ds  <  0  . 


From  (28)  we  get 

Po  A  rt  y”-1 00/00 

Po+Po  (n-l)!  ■'P_1y(t)  e(y(s)) 

p—lS(t)tdn—lsK(s)e(ds)ds<l,  t>t2.  (29) 


Taking  the  upper  limit  as  t  ->  00  in  (29),  we  get 


rcty  1(s)/(s)  j  1 

lim^oo  supf  „ — —-—as  + 

z  k  e(y(s)) 

t)tdn—lsK rs)e(5s)ds)<(pO+pO)(n—l )!ApO, 
(30) 


Then  the  proof  is  similar  to  that  of  the  theorem  (2.2) 

then  it  is  contradiction  to  (24). 
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